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It is intuitive that the diffusivity of an isolated particle differs from those in a monodisperse suspension, in which
hydrodynamic interactions between the particles are operative. Batchelor1,2 calculated how hydrodynamic interactions
influenced the diffusivity of a dilute suspension of spherical particles and Russel et al.,3 and Brady4 treated non-dilute
(higher particle volume fraction) suspensions. Although most particles lack perfect sphericity, little is known about the
effects of hydrodynamic interactions on the diffusivity of spheroidal particles, which are the simplest shapes that can
be used to model anisotropic particles. Here, we calculate the effects of hydrodynamic interactions on the translational
and rotational diffusivities of spheroidal particles of arbitrary aspect ratio, in dilute monodisperse suspensions. We find
that the translational and rotational diffusivities of prolate spheroids is more sensitive to eccentricity than for oblate
spheroids. The origin of the hydrodynamic anisotropy is that found in the stresslet field for the induced-dipole induced-
dipole interaction. However, in the dilute limit the anisotropy effects are at the level of a few percent. These effects
have influence in a vast range of settings, from partially frozen colloidal suspensions to the dynamics of cytoplasm.
I. INTRODUCTION
Confinement of single particles and particle-particle inter-
actions in suspensions, share a common set of hydrodynamic
phenomena through which the single particle Stokes-Einstein
diffusivity is modified. The modification arises from the hy-
drodynamic interactions between suspended particles and/or
particles in confined geometries. Central are the effects of the
particle-generated disturbance velocity field on the motion of
other particles1. For spherical particles, the influence of hy-
drodynamic interactions is known for a range of the particle
volume fractions3. However, little is known about the dif-
fusivity of anisotropic particles, in no small part due to the
difficulty in modeling the inter-particle interactions.
This commonality of these hydrodynamic interactions nat-
urally implies the existence of a swath of settings where they
play out, ranging from confinement of single Brownian5 and
biopolymers6, to suspensions in experimental cells7 or prox-
imity of particles due to phase changes of the solvent8 and
subsequent restricted mobility9. In this latter setting, freezing
of colloidal suspensions is an important phenomenon that in-
fluences many natural10,11 and technological12 processes. The
phase-change boundary in a freezing colloidal suspension can
becomemorphologically unstable due to the constitutional su-
percooling of the suspension close to the boundary13–16. The
degree of constitutional supercooling is influenced by the dif-
fusivity of particles in the suspension, which affects the trans-
port of the particles away from the boundary. The diffusivity
also plays a role in determining the thickness of ice lenses17,
and in the redistribution and aggregation of particles during
the freezing of colloidal suspensions18.
A. Spherical suspensions
Prior to treating the diffusivity of spheroids, for context
we briefly survey the effects of hydrodynamic interactions on
the diffusivity of spherical particles. Dynamical light scatter-
ing experiments and the diffusivity of particles are intimately
wed19,20 and hence the key observations arise from this ap-
proach. The mean squared displacement of a single Brown-
ian spherical particle of radius a and mass ms suspended in
a Newtonian fluid of viscosity µ grows diffusively for times,
t≫ tsm = m
s
6piµa , where t
s
m is the time scale for the relaxation of
the momentum of the particle. The diffusivity of the particle
is given by the Stokes-Einstein formula;D= kbT
6piµaI, where I is
the second-order isotropic identity tensor, kb is the Boltzmann
constant, and T the temperature of the fluid. Batchelor1,2 cal-
culated the effects of hydrodynamic interactions on the diffu-
sivity of a dilute suspension of spherical particles, which act as
a leading order correction in the particle volume fraction (φp)
to the Stokes-Einstein diffusivity in the Stokes limit–when the
effect of inertial forces in the fluid are neglected. For any sus-
pension, one can define two kinds of diffusivity; the gradient
diffusivity, which quantifies the flux of particles down their
concentration gradient, and the tracer diffusivity, which re-
lates the mean squared displacement of a tracer particle in the
suspension to the elapsed time19. Batchelor showed that due
to hydrodynamic interactions the gradient (tracer) diffusivity
for the suspension increases (decreases) relative to the single
particle diffusivity. Moreover, the tracer diffusivity takes on
two values; one for short-times, tsm ≪ t ≪ tsc = a2
(
kbT
6piµa
)−1
,
and another for long-times, t ≫ tsc , which is the time needed
for a particle in the suspension to diffuse its own distance.
Therefore, tsc corresponds to the time scale at which there
is a change in the configuration of the suspension. Batch-
elor’s results were subsequently verified experimentally3,21,
using a Langevin approach22 and using Stokesian dynamics
simulations23,24. In the non-dilute limit, that is with increasing
particle volume fraction, the long-time tracer diffusivity de-
creases monotonically4, whereas the gradient diffusivity does
not3,14.
B. Spheroidal suspensions
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Here, we investigate the effects of hydrodynamic interac-
tions on the diffusivity of anisotropic particles by modeling
them as spheroids, which are axisymmetric ellipsoids, whose
shapes are determined by their aspect ratio. The aspect ratio
(r) is the ratio of a spheroid’s length along its axisymmetric
axis to its maximum diameter perpendicular to the axis, and
is thus a measure of its anisotropy. Spheroids with r < 1 and
r > 1 are called oblate and prolate spheroids respectively; a
sphere has r = 1, a flat disk has r → 0 and a slender fiber
r→ ∞.
A single spheroid executes diffusive motion for times, t ≫
tm = max
[
m
6piµLmin(XA,YA)
, It
8piµL3Yc
]
, where L is the length of
the semi-major axis of its generating ellipse, m is its mass,
It is its moment of inertia transverse to the axis, XA, YA and
YC are functions of the eccentricity
25, 6piµLXA (6piµLYA) is
the translational drag along (perpendicular) to the axis, and
8piµL3Yc is the rotational drag torque transverse to the axis.
The eccentricity of an oblate (prolate) spheroid is defined as
e =
√
1− r2 (e =
√
1− 1/r2), ranging from 0 to 1 as the
shape ranges from a sphere to a slender fiber or a flat disk.
The largest of the translational and the angular momentum re-
laxation time scales is given by tm above. The translational
(Dtr) and rotational (Dr) diffusivities of a neutrally buoyant
spheroid suspended in a Newtonian fluid of dynamic viscos-
ity µ are given by
Dtr =
kbT
6piµL
[
1
XA
p1p1+
1
YA
(I−p1p1)
]
(1)
and
Dr =
kbT
8piµL3
1
YC
(2)
respectively, and are shown as a function of the spheroid ec-
centricity in figures 1 and 2, where Ds‖ = X
−1
A , D
s
⊥ = Y
−1
A and
Dsr =Y
−1
C . The orientation of the spheroid is given by p1, and
Dtr is anisotropic for XA 6= YA. The translational diffusivities
parallel and perpendicular to p1, reduce to the Stokes-Einstein
diffusivity, when e= 0. In the limit that e→ 1, the diffusivities
diverge as log(1− e) for prolate spheroids, and asymptote to
finite values (Ds⊥ = 1.77 and D
s
‖ = 1.18) for oblate spheroids.
Furthermore, when e 6= 0 the diffusivity parallel to the axis is
larger (smaller) than that perpendicular to the axis for prolate
(oblate) spheroids. Figure 2 shows thatDr(e= 0) =
kbT
8piµL3
, the
spherical value with dimension s−1, and Dr(e→ 1) diverges
as log(1− e) for the prolate spheroid, and asymptotes to a fi-
nite value (Dsr = 2.35) for the oblate spheroid. On a time scale
t ≫ D−1r , the translational diffusivity of a spheroid given in
Eq. (1) will become isotropic owing to this rotational diffu-
sion, and thus unlike spherical suspensions, even for a single
spheroid, there are two translational diffusivities, one at short-
times (t≪ D−1r ) and the other at long-times (t≫ D−1r ).
Hydrodynamic interactions insure that both the gradient
and tracer diffusivities of a spheroidal suspension differ from
those given in Eqs. (1) and (2). Importantly, the tracer
diffusivity should take different forms: (a) For short-times,
tm ≪ t ≪ tc = min
[
D−1r ,L2
(
kbT
6piµLmin(XA,YA)
)−1]
, and (b) for
long-times, t ≫ max
[
D−1r ,L2
(
kbT
6piµLmin(XA,YA)
)−1]
. Here, tc
is the time scale at which the configuration of the suspension
changes. Before describing our calculation, we survey previ-
ous investigations of the diffusivity of spheroidal particles in
monodisperse suspensions.
Treloar and Masters26 calculated the effects of hydrody-
namic interactions on the short-time translational diffusivity
of nearly spherical spheroids (e≪ 1), and hypothesized that
the diffusivity for small e, might be a good approximation for
all values of e. Claeys and Brady27 used Stokesian dynamics
to calculate the short-time translational and rotational diffu-
sivities of a prolate spheroid with aspect ratio 6 in unbounded
monodisperse suspensions, and found that the diffusivity de-
creased monotonically with increasing particle volume frac-
tion. Zheng and Han28 measured the translational diffusivity
of a tracer spheroid in a monolayer of spheroids (r = 9.07)
near a flat wall (a two-dimensional suspension) as a function
of spheroid area fraction. They found that as the particle area
fraction increases, the anisotropy of the diffusivity decreases,
reaching a minimum. Upon further increase in area fraction
the anisotropy of the diffusivity increased. However, their sys-
tem is two-dimensional and their results cannot be translated
to unbounded three-dimensional suspensions.
In this paper, we calculate the short-time translational and
rotational diffusivities of a tracer spheroid of an arbitrary as-
pect ratio in a dilute monodisperse suspension. The correction
to the single particle diffusivities appears at O(φ ), where φ is
the hydrodynamic volume fraction defined as nL3, with n the
number density of the spheroids in the suspension. We use
a far-field approximation to model the hydrodynamic inter-
actions, and a Langevin approach to calculate the diffusivi-
ties. In section II, we describe the calculation of the Langevin
equation for N spheroids to obtain the mean squared angular
and translational displacements of one spheroid, and the dif-
fusivities follow from averaging over the configuration space
of the other spheroids. The results are discussed in section III
before concluding in section IV. To facilitate continuity in the
presentation four Appendixes contain a number of technical
details.
II. ANALYSIS
Here we calculate the short-time diffusivities of a tracer
spheroid in a monodisperse suspension of N spheroids using
a Langevin equation approach as follows. The diffusivities
are related to the mean squared rotational and angular dis-
placements of the tracer spheroid at time t, with tm ≪ t ≪ tc.
The mean squared displacements are obtained by solving the
Langevin equation for N spheroids (see Ref. (29) for the case
of N spheres). For each spheroid in the suspension, we define
a Cartesian coordinate system xi, yi, zi, with i= 1, . . .N} such
that the orientation of the spheroid, pi, is aligned with the zi
axis. The coordinate system does not rotate with the spheroid.
Noting that the moments of inertia of any spheroid along the
transverse axes (xi and yi) are the same, one can write down
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FIG. 1. The dimensionless (scaled by kbT6piµL ) translational diffusivi-
ties parallel (dashed) and perpendicular (solid) to the axisymmetric
axis of a spheroid versus eccentricity, for prolate (a) and oblate (b)
spheroids.
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FIG. 2. The dimensionless rotational diffusivity (scaled with kbT
8piµL3
,
transverse to the axis of a spheroid) versus eccentricity.
the Langevin equation in index notation as
Mi jX˙ j− (Is− It)X Ii =−kbT D−1i j X j+αi jg j, (3)
where the terms on the left-hand side arise due to the inertia
of the spheroids, and the first and the second terms on the
right-hand side are the deterministic and the stochastic forces
exerted by the fluid on the spheroids respectively. In Eq. (3),
we have neglected all the direct forces between the spheroids.
In Eq. (3),M is a generalized mass/moment of inertia diag-
onal matrix of dimension 6N× 6N , with Mii = m for i = 1
to 3N, Mii = It for i = 3N + j,3N + 2 j and Mii = Is for
i = 3N+ 3 j, with j = 1 to N. The constants Is and It are the
components of the moment of inertia of any of theN spheroids
along and transverse to its orientation respectively, and m is
the spheroid mass. Additionally, X and g are 6N-dimensional
vectors. The first vector contains the components of the trans-
lational (v) and the angular (ω) velocities of the N spheroids
along the xi,yi and zi axes, and the second vector contains
the components of the translational (F) and the rotational (τ)
Brownian noises acting on the N spheroids along these axes,
and are given by
X=
[
vx1 ,vy1 , . . . ,vzN ,ωx1 ,ωy1 ,ωz1 , . . . ,ωyN ,ωzN
]T
,
and
g=
[
Fx1 ,Fy1 , . . . ,FzN ,τx1 ,τy1 ,τz1 , . . . ,τyN ,τzN
]T
.
In Eq. (3), the term proportional to XI is a 6N-dimensional
vector that describes the rate of change of the moment of in-
ertia of the spheroid along the xi,yi and zi axes, on account of
the rotation of the spheroid30. We haveX Ii = 0, for i= 1 to 3N,
X Ii = −ωy jωz j , for i = 3N+ j, X Ii = ωx jωz j , for i = 3N+ 2 j
and X Ii = 0, for i= 3N+3 j, with j= 1 to N. Note that the rate
of change vanishes along the symmetry axis of the spheroid,
and for a sphere, XI is a null vector. We assume that the noise
terms have zero mean, are Gaussian and δ -autocorrelated in
time as
〈gi(t)g j(t ′)〉= 2δi j δ (t− t ′). (4)
The angular brackets above denote an ensemble average over
the rapidly fluctuating random forces and torques for a given
configuration of N spheroids. The quantity (kbT )
−1D is the
mobility matrix for N spheroids, relating their translational
and the angular velocities to the hydrodynamic torques (τh)
and forces (Fh) acting on them as
X=(kbT )
−1D ·F h, (5)
where
F
h =
[
Fhx1 ,F
h
y1
, . . . ,FhzN ,τ
h
x1
,τhy1 ,τ
h
z1
, . . . ,τhyN ,τ
h
zN
]T
, (6)
and
D=


Dtt
11
Dtt
12
Dtt
13
. Dtt
13N
Dtr
11
Dtr
12
. Dtr
13N
Dtt
21
Dtt
22
Dtt
23
. Dtt
23N
Dtr
21
Dtr
22
. Dtr
23N
...
...
...
...
...
...
...
...
...
Dtt
3N1
. . . Dtt
3N3N
Dtr
3N1
Dtr
3N2
. Dtr
3N3N
Drt
11
. . . Drt
13N
Drr
11
Drr
12
. Drr
13N
...
...
...
...
...
...
...
...
...
Drt
3N1
. . . Drt
3N3N
Drr
3N1
Drr
3N2
. Drr
3N3N


. (7)
The two superscripts of a matrix element indicate whether it
multiplies a force (‘t’) or a torque (‘r’) component, to give
a translational (‘t’) or an angular (‘r’) velocity component
in Eq. (5). The mobility matrix is only a function of the
configuration–positions and orientations–of the N spheroids.
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In Eq. (3),α is the strength of the stochastic noise, which is re-
lated to the mobility matrix through the fluctuation-dissipation
theorem given by
(kbT )
2D−1i j = αikα jk, (8)
which is derived in Appendix A. Therefore, the strength of
the fluctuations depends on the configuration of the spheroids
through Eq. (8), so that the positions and the orientations of
the spheroids are influenced by multiplicative noise.
In Appendix B, Eq. (3) is solved using Eqs. (4) and (8) to
obtain the mean squared translational and rotational displace-
ments of a tracer spheroid (say 1), which are given by
〈∆r1p∆r1q〉= 2〈Dttpq〉t, (9)
and
〈∆θ 1p∆θ 1q 〉= 2〈Drrpq〉t. (10)
In Eqs. (9) and (10), ∆r1p and ∆θ
1
p are the translational and
the rotational displacements of the tracer spheroid ‘1’ from its
initial position/orientation at t = 0, with p,q= 1,2 and 3. The
angular brackets denote the ensemble average over all pos-
sible configurations of the other spheroids in the suspension,
with the tracer spheroid fixed in space.
The mean squared displacements in Eqs. (9) and (10) are
valid even in the non-dilute limit. However, in the dilute limit,
they can be simplified further by neglecting the simultaneous
interactions between three or more spheroids, since these in-
teractions lead to corrections that are less than or equal to
O(φ2), as seen in the case for spheres31. Because the mo-
bility matrix is pairwise additive32, the averaging procedure
reduces to that over the configuration space of two spheroids
with the tracer spheroid fixed in space. In Appendix C we
use the method of reflections25,33 to derive the mobility ma-
trix for two prolate spheroids under the influence of forces and
torques, and we truncate the mobility matrix at the level of
force dipoles, or stresslets, and neglect higher multipole mo-
ments. mportantly, these higher multipole moments become
as important as the lower moments when the interparticle dis-
tances is small compared to the particle length, in which case
lubrication forces become operative and can be crucial in non-
dilute suspensions.
The method of reflections must include at least two reflec-
tions to insure that the velocity (angular velocity) of the first
spheroid has a non-trivial relation to the force (the torque) act-
ing on it. The trivial relation is given by Eq. (C3) [Eq. (C4)]
for the translational [angular] velocity, and the non-trivial re-
lation given by Eq. (C14) [Eq. (C15)]. The averaging of the
trivial relations over the configuration space recovers the sin-
gle particle diffusivities given in Eqs. (1) and (2). For aver-
aging, we use only the leading order term in the non-trivial
relation, which decays as 1/R4p (1/R
6
p) for translational (an-
gular) velocity, where Rp is the interparticle distance (non-
dimensionalized by ‘L’) between the centers of the spheroids.
The mobility matrix for two oblate spheroids is obtained
from that of two prolate spheroids by using the transfor-
mation described in Appendix D. The mobility matrices are
four-dimensional integrals, and the averaging in Eqs. (9) and
(10) requires an additional integration over a five-dimensional
space; two for the orientation of the second spheroid and
three for the interparticle vector connecting the centers of the
spheroids. The nine-dimensional integrals required to average
the diffusivities are given by
〈Dttpq〉=
1
4piV
∫ pi
0
∫ 2pi
0
∫ pi
0
∫ 2pi
0
∫ ∞
Rrestrict
DttpqR
2
p sinθR
sinθ2dRpdφ2dθRdφRdθ2, (11)
and
〈Drrpq〉=
1
4piV
∫ pi
0
∫ 2pi
0
∫ pi
0
∫ 2pi
0
∫ ∞
Rrestrict
DrrpqR
2
p sinθR
sinθ2dRpdφ2dθRdφRdθ2. (12)
In these integrals, all the configurations in which the second
spheroid intersects the tracer spheroid are avoided, andV cor-
responds to that volume in which one can place the second
spheroid without intersecting the tracer spheroid. We non-
dimensionalize all distances with ‘L’, and the inter-particle
separation vector Rp is defined as (Rp,θR,φR) in a spherical
coordinate system whose zenith direction is aligned with the
orientation of the tracer spheroid. Because we avoid inter-
sections described above, the inner limit of Rp, defined as
Rrestrict, will depend on θR and φR. The orientation of the
second spheroid is defined in the spherical coordinate sys-
tem as (1,θ2,φ2). We make a further simplification by setting
Rrestrict = 2, which insures that the spheroids don’t intersect.
The nine-dimensional integrals are evaluated numerically us-
ing a Monte Carlo method with a sampling size of 109 con-
figurations. Additionally, we evaluated the integrals using the
NIntegrate function in Mathematica as a cross check.
III. RESULTS
The short-time translational (Dftr) and rotational (D
f
r ) diffu-
sivities of the tracer spheroid that are obtained by numerically
integrating the right-hand sides of Eqs. (11) and (12) are writ-
ten as
Dftr =Dtr+φ
kbT
6piµL
[
D‖p1p1+D⊥(I−p1p1)
]
, (13)
and
D fr =Dr+φ
kbT
8piµL3
Dhydr , (14)
in which Dtr and Dr are the single particle diffusivities given
in Eqs. (1) and (2). In Eq. (13), D‖ and D⊥ are the O(φ ) cor-
rection to the translational diffusivities parallel and perpen-
dicular to the spheroid respectively, and D
hyd
r in Eq. (14) is
the O(φ ) correction to the rotational diffusivity.
The corrections D‖ and D⊥ are plotted as a function of the
eccentricity of prolate and oblate spheroids in figure 3. Be-
cause these corrections are negative for all eccentricities, the
hydrodynamic interactions reduce the translational diffusivity
of the tracer spheroid. Physically, this reduction is due to the
hydrodynamic hindrance created by the velocity fields of the
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other particles in the suspension, which on average suppress
the displacement of the tracer spheroid. Spherical symmetry
is exhibited in figures 3 (a) and (b), where for e = 0, D‖ and
D⊥ take the same value of −1.8734. Both the corrections de-
crease monotonically with increasing eccentricity because (a)
the interactions weaken for a given φ (nL3 = constant), and
(b) in the limit of e→ 1, vanish as ∝ 1/ log(1− e) for prolate
spheroids, and for oblate spheroids, D‖ and D⊥ asymptote to
−0.34 and −0.35 respectively. Physically, in this limit the
hydrodynamic interactions vanish for slender fibers whereas
they survive for flat disks due to the finite area of the latter. For
nearly spherical prolate spheroids (e≪ 1), D‖ andD⊥ asymp-
tote to −1.87+ 2.00e2 and −1.87+ 2.06e2 respectively, and
for nearly spherical oblate spheroids, D‖ and D⊥ asymptote
to −1.87+0.81e2 and−1.87+0.75e2 respectively. Thus, we
find that, as hypothesized by Treloar and Masters26, the nearly
spherical asymptotes are not a uniformly valid approximation
for all eccentricities.
In figures 4 (a) and 5 (a), the hydrodynamic corrections
(φD‖ and φD⊥) for prolate and oblate spheroids are expressed
as a percentage of their associated single particle diffusivi-
ties (Ds‖ and D
s
⊥), and plotted as a function of their eccen-
tricities for φ = 0.1. Clearly, the largest hydrodynamic re-
duction in diffusivity occurs for spheres, and for both prolate
and oblate spheroids the reductions decrease monotonically
as e→ 1. We see that for eccentricities greater than approx-
imately 0.4, there is a small difference between the reduc-
tions in the parallel and perpendicular diffusivities; for pro-
late (oblate) spheroids, the reduction is slightly larger for the
perpendicular (parallel) diffusivity than for the parallel (per-
pendicular) diffusivity. The physical origin of the difference
can be described using the case of the prolate spheroid. The
hydrodynamic effect of a moving spheroid in the suspension
is to induce stresslets (dipoles) on the other spheroids, which
in turn induce the same back upon the spheroid. On average,
because the gradient in the reflected velocity field is likely to
be larger (smaller) parallel to (perpendicular to) the spheroidal
axis, so too is the strength of the induced dipole35. Now, the
radial dipole flow field is towards (away from) the spheroid
perpendicular to (parallel to) the axis25, thereby suppressing
(enhancing) perpendicular (parallel) motion, as seen in fig-
ure 4 (a). This logic is immediately extended to the oblate
spheroid, in which case the inward radial flow due to the in-
duced dipole will be parallel to the spheroidal axis. Finally, as
the eccentricity increases the anisotropy of the dipole strength
increases, whereas the strength decreases, due to the reduction
in the size of the spheroid, and the latter effect dominates the
behavior as e→ 1.
To characterize the effects of the anistropy on Dftr, we de-
fine a ratio of the diffusivities, Da, as
Da =
Ds‖+φD‖
Ds⊥+φD⊥
, (15)
which is plotted for prolate (oblate) spheroids versus eccen-
tricity for various volume fractions in figures 4 (b) and 5 (b).
Clearly, there is a weak φ -dependence, exhibited differently
in figures 4 (c) and 5 (c) by scaling Da with its value at φ = 0.
Here we see that the maximum change in the ratio for pro-
late (oblate) spheroids is about 0.8% (2.5%) for the the largest
volume fraction considered. Therefore, at O(φ ), the hydrody-
namic interactions do not significantly affect the anisotropy of
the diffusivity tensor.
In figure 6, the orientational diffusivity correction D
hyd
r of
Eq. (14) is plotted versus the eccentricity of prolate and oblate
spheroids. The correction is negative as in the translational
case, and starts at the sphere value of−0.31 at e= 0. The ori-
entational diffusion does not affect the dynamics of a spherical
particle due to its isotropy, andD
hyd
r has a finite value just as in
the single particle case (see figure 2). For prolate spheroids,
in the limit of e→ 1, the correction decays as 1/ log(1− e)
because of the weakened hydrodynamic interactions, and for
oblate spheroids in the same limit the correction asymptotes
to −0.04. In figure 7, the correction (φDhydr ) for a spheroid
is expressed as a percentage of the associated single particle
diffusivity (Dsr), and plotted versus eccentricity. The percent-
age reduction in the orientational diffusivities of prolate and
oblate spheroids are far smaller than that found for their trans-
lational counterparts in figures 4 (a) and 5 (a).
Claeys and Brady27 used Stokesian dynamics to calculate
the short-time diffusivities of a tracer spheroid of aspect ratio
6 (e= 0.98) in a monodisperse suspension. They modeled the
hydrodynamic interactions by including lubrication forces, in
addition to a far-field approximation of the mobility matrix.
When averaging the diffusivity, they generated different con-
figurations of N spheroids (a maximum N = 64) in a unit cell,
with periodic boundary conditions, using a Monte Carlo pro-
cedure. They reported a linear combination of the transla-
tional diffusivities parallel and perpendicular to the symme-
try axis of the tracer spheroid, which decreased with increas-
ing volume fraction. In particular, for small volume fractions,
their result is in excellent agreement with ours for the linear
combination; 2.51−0.07φ (when scaled with kbT
6piµL ) from fig-
ures 1 (a) and 3 (a).
IV. CONCLUSIONS
We have calculated the hydrodynamic corrections to the
short-time translational and rotational diffusivities of a tracer
spheroid of arbitrary aspect ratio in a dilute monodisperse sus-
pension to O(φ ). The corrections reduce the diffusivities of
the spheroid from that of an isolated spheroid of the same
aspect ratio. The corrections are monotonically decreasing
functions of the spheroid eccentricity, peaking for a sphere,
vanishing for a slender fiber, and asymptoting to finite values
for a flat disk. Moreover, the corrections do not significantly
alter the anisotropy of the translational diffusion.
Further theoretical, numerical and experimental studies are
needed to understand the behavior at higher particle volume
fractions, where the lubrication effects neglected here become
important. As φ increases, intuition suggests that the short-
time diffusivities will be further reduced, since the reduction
arises from the hydrodynamic hindrance created by the other
particles in the suspension.
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FIG. 3. The O(φ ) hydrodynamic corrections to the translational dif-
fusivity given in Eq. (13) versus the eccentricity of (a) prolate and
(b) oblate spheroids.
When one solidifies a colloidal suspension several pro-
cesses relevant to the work described here are of interest.
Firstly, as noted in §I, the solid/suspension interface can be-
come morphologically unstable owing to constitutional super-
cooling, the degree of which is controlled by the diffusivity
of particles in the suspension. Thus, our finding here of the
suppression of the diffusivity implies that in natural settings,
wherein the colloids are rarely spherical, morphological in-
stability will be enhanced. Moreover, because one observes a
van’t Hoff law in colloidal suspension15, our finding provides
an underpinning for studies of its origin. Secondly, once par-
ticles are trapped in ice they are surrounded by a thin unfrozen
(“premelted”) water film that allows for their subsequent mo-
tion by thermomolecular pressure gradients8. The mobility of
those particles can be treated within the framework of Onsager
reciprocity9, suggesting a range of interesting generalizations
using spheroids, and in particular the question of thermody-
namic buoyancy36. Moreover, because of the temperature de-
pendence of the viscosity of supercooled water37, these dy-
namical processes will be influenced in a variety of ways, one
of which concerns the temperature dependence of the ordering
effect of water in confined supercooled films38.
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FIG. 4. (a) The hydrodynamic correction, φ D⊥ (φ D‖), in Eq. (13)
for a suspension of prolate spheroids (φ = 0.1) as a percentage of
the single spheroid diffusivity Ds⊥ (D
s
‖) versus the eccentricity. (b)
Da, the ratio defined in Eq. (15), of a tracer spheroid in the suspen-
sion versus its eccentricity for various volume fractions. (c) The ratio
scaled with its single particle value, Dsa (= Da|φ=0), versus the ec-
centricity for various volume fractions.
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s
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in Eq. (15), of a tracer spheroid in the suspension versus its eccen-
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Appendix A: Derivation of the fluctuation dissipation theorem
In this section, we derive the fluctuation-dissipation the-
orem (FDT) for a suspension of N spheroids. One starts
with Eq. (3), albeit with an unknown relationship between the
strength of the fluctuations and the mobility matrix, and not-
ing that the time differentiation and ensemble average (over
rapidly fluctuating random forces and torques for a given con-
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FIG. 6. The O(φ ) hydrodynamic correction to the orientational dif-
fusivity (transverse to a spheroid’s axis) given in Eq. (14) versus ec-
centricity.
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FIG. 7. The correction to the orientational diffusivity, φDhydr , (trans-
verse to a spheroid’s axis), expressed as a percentage of the associ-
ated single particle diffusivity, Dsr, versus the eccentricity at φ = 0.1.
figuration of N spheroids) commute, one can write,
d
dt
〈X(t)X(t)〉= 2〈X(t)X˙(t)〉. (A1)
As opposed to Eq. (4), Eq. (A1) does not hold when the noise
is δ -autocorrelated because 〈X(t)X˙(t)〉 is ill-defined, although
it does hold when the noise has a finite correlation time, a
point to which we return in this derivation.
For t > tm, the angular and translational velocities of the
spheroids equilibrate, and hence d
dt
〈X(t)X(t)〉 = 0. Contract-
ing Eq. (3) withM−1li X f and averaging gives,
〈X˙l(t)X f (t)〉− (Is− It)M−1li 〈X Ii (t)X f (t)〉=−kbTM−1li D−1i j
〈X j(t)X f (t)〉+M−1li αi j〈g j(t)X f (t)〉. (A2)
Using Eq. (A1), the first term of Eq. (A2) is zero, and the
second term vanishes as it is an odd-moment in X, and thus
kbTD
−1
i j 〈X j(t)X f (t)〉−αi j〈g j(t)X f (t)〉= 0. (A3)
From the equipartition theorem31, the average in the first term
above is equal to kbTM
−1
j f . The second term is evaluated by
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noting thatX is a functional of g, namelyX=F [g]. Therefore,
〈g j(t)X f (t)〉=〈g j(t)Ff [g]〉 and because g is Gaussian noise,
one finds39,
〈g j(t)Ff [g]〉=
∫ t
0
dt ′〈g j(t)gk(t ′)〉
〈
δFf [g]
δgk(t ′)
〉
. (A4)
The first average in the integrand above is given by Eq. (4),
and the second average is evaluated by solving Eq. (3) to ob-
tain the velocity vector (X), and then differentiating the vector
with respect to g. The average is given as〈
δFf [g]
δgk(t ′)
〉
=
〈
δ
δgk(t ′)
(∫ t
0
[M−1f l (Is− It)X Il
−kbTM−1f l D−1l j X j]dt ′
)
+
∫ t
0
dt ′′δ (t ′− t ′′)M−1f l αl pδpk
〉
=
〈
δ
δgk(t ′)
(∫ t
t′
[M−1f l (Is− It)X Il
−kbTM−1f l D−1l j X j]dt ′
)
+H(t− t ′)M−1f l αl pδpk
〉
, (A5)
where H(t) is the Heaviside function. The δ -autocorrelation
of the noise in the integrand of Eq. (A4) implies taking the
limit of t ′ → t in Eq. (A5). In this limit, the contribution to
Eq. (A4) from the first term in Eq. (A5) vanishes, and hence
Eq. (A3) becomes
(kbT )
2D−1i j M
−1
j f = 2αi jH(0)αp jM
−1
p f . (A6)
The Heaviside function at the origin,H(0), is however discon-
tinuous (often defined as the integral of a Dirac δ -function)
and arises from the fact that 〈X(t)X˙(t)〉 is ill-defined for δ -
autocorrelated noise. A solution to this problem is to in-
stead use noise that has a finite autocorrelation time, viz.,
〈gi(t)g j(t ′)〉 = 2δi j η(t − t ′), where η is an even function
about t = 0 such that
∫ ∞
−∞ η(t)dt = 1, and repeat the steps in
this section up to Eq. (A6). The net effect of using this col-
ored noise is equivalent to replacing H(0) with 1
2
in Eq. (A6),
which leads to the FDT given in Eq. (8). Note that, although
we have derived the FDT for N spheroids, this derivation can
easily be extended to N rigid bodies.
Appendix B: Derivation of the mean squared displacements
In this section, starting from the Langevin equation (Eq. 3),
we derive the translational and angular mean squared dis-
placements of a tracer spheroid in a suspension ofN spheroids
at short-times (tm ≪ t≪ tc). The strength of the noise term in
Eq. (3) depends on the configuration of the particle described
by Eq. (8). Hence, the governing equation for the positions
and the orientations of the spheroids will be driven by a mul-
tiplicative noise. Although, such a noise leads to the well-
known Itô-Stratonovich dilemma40, the mean squared dis-
placements at short-times (∝ t) required here, are unaffected
by the calculus that is used. Eq. (3) can be rewritten as
X˙l+ kbT M
−1
li D
−1
i j X j = (Is− It)M−1li X Ii +M−1li αi jg j. (B1)
Defining Ql j = kbT M
−1
li D
−1
i j , and noting that for times such
that tm ≪ t ≪ tc, Q is independent of time, Eq. (B1) can be
written as
d
dt
(
e
Qt
mlXl
)
= eQtml
[
(Is− It)M−1li X Ii +M−1li αi jg j
]
. (B2)
One can integrate Eq. (B2) twice with respect to time to find
the translational and angular displacements of any spheroid.
Since finite angular displacements are not vectors30, integrat-
ing the angular velocities with respect to time results in the
correct angular displacements only when the displacements
are infinitesimal, which is true here since t ≪ tc. The final
translational displacement (∆r) of a tracer spheroid (say 1) in
the suspension is given as
∆r1p =
∫ t
0
Q−1pq
[
δql− e−Q(t−t
′)
ql
]
M−1li αi jg jdt
′
+
∫ t
0
Q−1pq
[
δql− e−Q(t−t
′)
ql
]
(Is− It)M−1li X Ii dt ′
+Q−1pq
[
δqm− e−Qtqm
]
Xm(0), (B3)
where the integral containing g leads to a mean squared dis-
placement that is proportional to t. The other two integrals
lead to mean squared displacements that are smaller for short
times, and hence are not considered. Thus, after neglecting
those two integrals, the final mean squared displacement of
the tracer spheroid is obtained by averaging the outer prod-
uct ∆r1p∆r
1
q , first over an ensemble of realizations of random
forces and torques, and then over an ensemble of various con-
figurations of the spheroids in which the tracer particle is fixed
in space. Using Eqs. (4) and (8), one finds
〈∆r1p∆r1q〉= 2〈Dttpq〉t, (B4)
for the translational mean squared displacement of the tracer
spheroid. The angular mean squared displacement of the
spheroid is obtained similarly and is given by
〈∆θ 1p∆θ 1q 〉= 2〈Drrpq〉t. (B5)
Appendix C: Derivation of the mobility matrix for two prolate
spheroids
Using the method of reflections25,33, we derive the mobility
matrix for two prolate spheroids that are subjected to forces as
well as torques. Consider two identical prolate spheroids that
are subjected to torques and forces as shown in figure 8. The
two spheroids will disturb the flow around them, and thereby
interact with each other hydrodynamically. The aim is to cal-
culate the relationship between the translational and the angu-
lar velocities of the spheroids and the forces and the torques.
In the present calculation, the method of reflections has to be
carried out up to the second reflection to obtain the leading
order effects of hydrodynamic interactions. The translational
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(U1) and the angular velocities (ω1) of the first spheroid (with
orientation p1 in figure 8) are obtained by summing the con-
tributions from different reflections that are given as
U1 =U
(0)
1 +U
(1)
1 +U
(2)
1 , (C1)
and
ω1 =ω
(0)
1 +ω
(1)
1 +ω
(2)
1 , (C2)
where the superscripts on the right-hand side indicate the
number of reflections involved in obtaining that term.
At the zeroth reflection, the velocity field generated by a
given spheroid in the figure is obtained using the method of
singularities41,42. The translational and the angular velocities
of the first spheroid as well as the disturbance velocity field
(v′1) at a point x generated by it
33,43 are given as
U
(0)
1 =
1
6piµL
[
1
XA
p1p1+
1
YA
(I−p1p1)
]
·F1, (C3)
ω
(0)
1 =
1
8piµL3
[
1
XC
p1p1+
1
YC
(I−p1p1)
]
·T1, (C4)
and
v′1(x) =
F1
16piµc
·
∫ c
−c
[
1+(c2− ξ 21 )
1− e2
4e2
∇2
]
J(x−ξ1)dξ1
− 3
64piµc3
T1 ·
∫ c
−c
(c2− ξ 21 )∇∧J(x−ξ1)dξ1.
(C5)
Here, c and e are the semi interfocal distance and the eccen-
tricity of the spheroid respectively, ξ1 = ξ1p1 and J(x−ξ1) =
I
|x−ξ1| +
(x−ξ1)(x−ξ1)
|x−ξ1|3 is the Oseen tensor
25. The quantities XA,
YA, XC and YC are functions of the eccentricity
25 and are given
at the end of this Appendix. The integrands in Eq. (C5) are
evaluated at all points between the foci from ξ1 = −cp1 to
cp1. Eq. (C5) implies that the velocity field due to the spheroid
acted upon by a torque and a force is equivalent to that gener-
ated by a line distribution of singularities (Stokeslets, dipoles
and degenerate quadrapoles) along the aforementioned points.
Since the force and the torque on the second spheroid (with
orientation p2 in figure 8) are specified, v
′
1 cannot exert any
additional force and torque upon it. Therefore, the spheroid
will rotate and translate such that the additional force as well
as the torque are zero. However, v′1 will induce a stresslet,
S
(1)
2 , on the spheroid that will in turn lead to a reflected distur-
bance velocity field, v′12. The angular velocity, ω
(1)
2 , and the
stresslet are obtained using Faxen’s law44, and are given by
ω
(1)
2 =
3
4c3
e2
2− e2
∫ c
−c
(c2− ξ 22 )
[
1+(c2− ξ 22 )
1− e2
8e2
∇2
]
(p2∧ e′1(ξ2) ·p2)dξ2+
3
8c3
∫ c
−c
(c2− ξ 22 )∇∧v′1(ξ2)dξ2,
(C6)
and
S
(1)
2 =W
(2)
4 :
3
4c3
∫ c
−c
(c2− ξ 22 )
[
1+(c2− ξ 22 )
1− e2
8e2
∇2
]
e′1(ξ2)dξ2 +Y
(2)
3 ·
3
8c3
∫ c
−c
(c2− ξ 22 )[
∇∧v′1(ξ2)− 2ω(1)2
]
dξ2, (C7)
where ξ2 = ξ2p2 changes from−cp2 to cp2 along the symme-
try axis of the second spheroid. The tensor e′1(ξ2) is the strain
rate tensor due to v′1(ξ2). The fourth order tensor W
(2)
4 and
the third order tensor Y
(2)
3 are given by
25
W
(2)
4i jkl =
20piµL3
3
(
XMd
(0)
i jkl+YMd
(1)
i jkl +ZMd
(2)
i jkl
)
, (C8)
and
Y
(2)
3i jk =4piµL
3YH
(
εikl p2 j + ε jkl p2i
)
p2l, (C9)
where
d
(0)
i jkl =
3
2
(p2ip2 j− δi j/3)(p2kp2l− δkl/3) , (C10)
d
(1)
i jkl =
1
2
(
p2ip2kδ jl + p2 jp2kδil + p2ip2kδ jl + p2 jp2lδik
−4p2ip2 jp2kp2l) , (C11)
and
d
(2)
i jkl =
1
2
(
δikδ jl + δ jkδil− δi jδkl + δklp2ip2 j + δi jp2kp2l
−p2ip2kδ jl− p2 jp2kδil− p2ip2kδ jl− p2 jp2lδik
+p2ip2 jp2kp2l) . (C12)
The quantities XM , YM , ZM and YH are functions of the eccen-
tricity and are given at the end of the section. The disturbance
velocity field reflected by the second spheroid is given by
v′12(x) = S
(1)
2 ·∇ ·
3
4c3
∫ c
−c
(c2− ξ ′22 )
1
8piµ
(C13)
[
1+(c2− ξ ′22 ) 1−e
2
8e2
∇2
]
J(x−ξ′2)dξ ′2,
where ξ′2 = ξ
′
2p2 changes from −cp2 to cp2 along the sym-
metry axis of the second spheroid and the velocity field is pro-
portional to F1 and T1, through S
(1)
2 . The velocity field cannot
cause any additional torque and force on the first spheroid, and
therefore the spheroid has to move with the translational and
the angular velocities given by
U
(2)
1 =
1
2c
∫ c
−c
[
1+(c2− ξ ′21 )
1− e2
4e2
∇2
]
v′12(ξ
′
1)dξ
′
1,
(C14)
and
ω
(2)
1 =
3
4c3
e2
2− e2
∫ c
−c
(c2− ξ ′21 )
[
1+(c2− ξ ′21 )
1− e2
8e2
∇2
]
(p1∧ e′12(ξ′1)·p1)dξ ′1+
3
8c3
∫ c
−c
(c2− ξ ′21 )∇∧v′12(ξ′1)dξ ′1,
(C15)
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FIG. 8. Two identical prolate spheroids with orientations p1 and p2
subjected to torques(T1 and T2) and forces(F1 and F2). XYZ is the
coordinate system whose origin is at the centre of the first spheroid
(with orientation p1) and p1 ‖ Z.
where ξ′1 = ξ
′
1p1 changes from −cp1 to cp1 along the
symmetry axis of the first spheroid, and e′12 is the strain rate
tensor due to v′12. The Eqs. (C3), (C4), (C14) and (C15) are
substituted into Eqs. (C1)and (C2) to obtain the elements
of the mobility matrix that multiplies F1 and T1 to give U1
and ω1 respectively. The velocities from the first reflection,
U
(1)
1 and ω
(1)
1 are not needed in the present calculation, as
they are proportional to F2 and T2. Therefore, for a given
configuration of the two spheroids in figure 8, the elements of
the mobility matrix are 4-dimensional integrals over ξ1, ξ2,
ξ ′1 and ξ
′
2.
The quantities needed to evaluate the mobility matrix are
given by25
XA =
8e3
3
[−2e+(1+ e2) log( 1+e
1−e
)] , (C16)
YA =
16e3
3
[
2e+(3e2− 1) log( 1+e
1−e
)] , (C17)
XC =
4e3(1− e2)
3
(
2e− (1− e2) log( 1+e
1−e
)) , (C18)
YC =
4e3(2− e2)
3
[−2e+(e2+ 1) log( 1+e
1−e
)] , (C19)
XM =
8e5
15
[−6e+(3− e2) log( 1+e
1−e
)] , (C20)
YM =
4e5
5
[−2e+(1+ e2) log( 1+e
1−e
)]
+
[
2e(1− 2e2)− (1− e2) log( 1+e
1−e
)]
[
2e(2e2− 3)+ 3(1− e2) log( 1+e
1−e
)] , (C21)
ZM =
16e5(1− e2)
5
[−2e(3− 5e2)+ 3(1− e2)2 log( 1+e
1−e
)] , (C22)
and
YH =
4e5
3
[−2e+(1+ e2) log( 1+e
1−e
)] . (C23)
Appendix D: Mobility matrix for two oblate spheroids
Here we derive the mobility matrix for two oblate
spheroids. The velocity field due to an oblate spheroid acted
upon by a force and a torque is equivalent to that generated
by a surface distribution of singularities (Stokeslets, dipoles
and degenerate quadrapoles), the surface being a circle whose
diameter is equal to the inter-focal length of the spheroid,
and is on the equatorial plane of the spheroid with its centre
being the spheroid’s centre of mass25. While one could
derive the mobility matrix using the aforementioned surface
distribution, in order to simplify the diffusivity calculation,
the matrix is obtained by transforming that of the prolate
spheroid derived in appendix C. The transformation involves
replacing the semi-inter-focal distance c in the final expres-
sion for the velocities given in Eqs. (C1) and (C2) (after
substituting for the velocities from Eqs. (C3), (C4), (C14)
and (C15)) with −ic, and replacing the eccentricity e with
−ie/
√
1− e2, where the latter substitution means that the
quantities XA,YA,Yc,Xm,Ym,Yc,YH will be replaced by their
oblate counterparts given at the end of this Appendix. The
arguments leading to the transformation is given below.
The mobility matrix for the prolate spheroid was derived in
Appendix C using the singularity representation and Faxen’s
law for prolate spheroids. It is already known that the trans-
formation, when applied to the singularity representation of
the velocity field generated by a prolate spheroid of eccen-
tricity e in a particular flow (rotation, translation, straining,
etc.,), gives the velocity field generated by an oblate spheroid
of the same eccentricity in the same flow45–47. Now, the
singularity representation can be interpreted as follows; the
velocity field generated by a spheroid is obtained by con-
tracting a translational velocity (or angular velocity or strain
rate) with a tensor obtained by operating a functional on J
8piµ ,
where J is the Oseen tensor. For example, from Eq. (C5) the
functional for translation would be [6piµXAp1p1+6piµYA(I−
p1p1)](2c)
−1
∫ c
−c
dξ
[
1+(c2− ξ 2)(1− e2)/4e2∇2] , where
the term in the first square bracket is the resistance tensor for
a translating prolate spheroid. Applying the transformation on
the singularity representation of the prolate spheroid is equiv-
alent to applying it on this functional. The Lorentz recipro-
cal theorem can be used to show that the same functional,
when used to operate on an ambient flow around a prolate
spheroid, gives the driving force (or torque or stresslet)25 due
to the flow on the spheroid, leading to the Faxen law for pro-
late spheroids44. Therefore, Faxen’s law for oblate spheroids
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can be obtained from that of prolate spheroids by applying the
transformation. Hence, by applying this transformation to the
mobility matrix of a prolate spheroid of a given eccentricity,
which was derived based on Faxen’s law and the singularity
representation, one can obtain that of an oblate spheroid of the
same eccentricity.
The quantities needed to evaluate the mobility matrix for
oblate spheroids are given by25.
XA =
4e3
3
[
(2e2− 1)cot−1
(√
1−e2
e
)
+ e
√
1− e2
] , (D1)
YA =
8e3
3
[
(2e2+ 1)cot−1
(√
1−e2
e
)
− e
√
1− e2
] , (D2)
XC =
2e3
3
[
cot−1
(√
1−e2
e
)
− e
√
1− e2
] , (D3)
YC =
2e3(2− e2)
3
[
(2e2− 1)cot−1
(√
1−e2
e
)
+ e
√
1− e2
] , (D4)
XM =
4e5
15
(
−3e
√
1− e2+(3− 2e2)cot−1
(√
1−e2
e
)) ,(D5)
YM =
2e5
[
e(1+ e2)−
√
1− e2 cot−1
(√
1−e2
e
)]
5
[
3e− e3− 3
√
1− e2 cot−1
(√
1−e2
e
)]
1[
e
√
1− e2− (1− 2e2)cot−1
(√
1−e2
e
)] , (D6)
ZM =
8e5
5
[
−(2e3+ 3e)
√
1− e2+ 3cot−1
(√
1−e2
e
)] ,(D7)
and
YH =− 2e
5
3
[
e
√
1− e2− (1− 2e2)cot−1
(√
1−e2
e
)] . (D8)
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